Amme2500 Dynamics

Kinematics & Kinetics
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To convert between, © - €, as the dot product
finds the scalar quantity along the vector.

v =7é, + 108,
a=(i—rf?)e, + (rf,0)e,
€, is the unit vector in r direction
TAp =Ta/p =Ta —Tp, A with respect to B

For connected particle systems, use the

constraint length of the
connector (string), 5s4 +lop +sg =1y =
5vy4 +vg=0=5ay +ag=0

of a limited

Use constraint based solving when forces

R

Turns into,

v +ve
1 +ve

—3T =mi @O
~T=miQ®
3i,+i, =0 @
For drag based problems — use terminal
velocity, where & = 0, - mg = kv,

Kinetics

Work & energy
Kinetic T', work U, potential V'
With work being, U = F'd

work done
1, = Z U, +T
AT+V)=U
Force U_y,= [T Fdr
Gravity V= mgyT1

Spring V= 1ks?
Torsional Spr. V' = 1k.62 0 in rad
Linear Motion T = %mv2
Rotational T= %I w?
X

Springs in parallel: ko, =k +ky+... &
Tiotal = L1 = LTy = ...
In series: k%q = k% + é + o & Ty =T+
Ty + ...

T+ V, :ZU1—2+T1+Vi
This is different as the Y U;_, is all

work done by mnon-conservative forces —
friction (ie., [ 2 4N ds), air resistance. And the
S1

conservative forces (gravity, spring) transferred
to V.

When two objects collide,
Upgy — U
coefficient of resitution: e = —22——42
Va1 — VB

this is in the normal n plane and v is magn.

AT @
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1
1
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Damped

Magnification factor: MF = % =
k

Free Vibration
. bk .. . 2
T+ —2+—2==E+ 2w, 2 +w,z=0
m m

b

2mw,,

Dampening ratio: { =
Types of systems:
1. Overdamped, ¢ > 1
2. Critically damped, ( =1
3. Underdamped, ¢ <1 - only system to
oscilate when decaying
z(t)

—( = 0.2 — underdamped

= ( =1 — critical
——( = 2 — overdamped

Forced Vibration Damped

b, k K,

Then the tangential momentums (mv) ares 4+ —3 4+ —g = & + 20w, & + w2z = — sin(wyt)
m m m

equal.
B — Ut
R, U,
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Efficiency: € =

Angular Impulse & Momentum

Momentum G = mv

t2
HOQ:/ > Mydt + Hp,
t

1

net

I= f:le dt = AG

Degrees of Freedom (DoF), minimum amount of coordinates
(translations x,y,z + rotations 6,,6

210y, 0,) to completely
describe the system.

Can intuit the DoF, each free body in a system needs its
z,y, 0; then see how the freedom is ‘taken away’ due to the

connections.

DoF = Y Free DOF — Constraints = 12 — 10 = 2

Vibration

Spring force: F' = —kz, dampener force: F' =
—bx

Free Vibration Undamped

i+—r=3F+wiz=0
m

Withw,, = 4/ %, k being spring const.

Turned into z = C'sin(w,,t + ¢) Period: 7 =
2n freq. f = 2=

w,,’ - 2m

Can rebase a system to static equilibrium point
where F, = Fy < kd = mg, use for calcs.

2
X =4/zk + (;—0) from general eq: z(t) =
X cos(w,t — @)
Forced Vibration Undamped
E
i+ —z =7+ w? = Lsin(wyt)

m m

With w,, being freq. of driving force

1

# 4+ 20w, & +wir = fsin(wyt + @)

Amplitude: X = /
w2\ 2 w2
) )
200
Phase Angle: ¢ = & — arctan ~
_ Y

Rigid Body
%zgzw

w 20 .
%:j?:w:a

adf =wdw=>0d0 =040

v=r=rw Normal

Tangential
0, =TW="Ta

a,=axr

Relative Motion Analysis
VB=V4A+Vp/a
=VatwXTpy
ag=a, +Ap/

— 2
=a, — WTrpgy TaXTIp/y
_

normal tangential

Steps:

1. v = rw from known

2. Then vy = v4 + ..., if w unknown usually
can use v = rw

3. Use known in ag = ag + ... and solve for
ans.

A

S

rpja = A B~ 0.4i—0.2]



Instantaneous centre of mass/zero-9, draw lines
from velocities to work out intersection point
of the IC

¢ Case 1: v, and w are known
w( v,.\‘/"‘ 1. Construct a line segment Ltov, @ A
2. Distanceisra = Lal
A # w
Case 2: two non-parallel velocities

. "j\ 1. Construct L lines from A & B

( 2 ‘. 2. Intersection point is IC, T4 =
‘jf/ Thafip.
v nahp

Case 3: two parallel vectors

LI 1. Use proportional triangles 4 to find IC
Fa/ic i o lval el _
w( 2. Distance is Al = rpE =W
ic
o
Ti/ic.
B~

The IC is used with vg = v, +w Xrp/ 4 as
v 4 = 0 so can just use the w X T'p/ic

% Use IC when undergoing general planar
motion, i.e., both rotation and translation,

otherwise can just use v = wr.

Conservation of angular momentum Jw = I'w,

and need to use CoM for potential energy.

The sum of forces is equal to the equivalent
accel. at the centre,

2": F = mag
i=1
> Mg = Ize

ZMP =lga+rgp xmag

rectilinear motion

Mass moment of inertia

Parallel axis theorem — can ‘move’ the inertia,

I=IG—|—mr2

translational
Kinetic, T = %mvé + %IGUJQ
TZ = Z U1,2 + Tl
Ury = [} Md0=M(0,—6,), M is the

moment

Maths
J

k i
“sixj=kixk=—j..
Degrees to radians, ° X 1g5
kmh!'toms !, kmh™! + 3.6

Homogenous differential equations,

Roots Soln.

Symbol Description Units Derivation
w Radial velocity rads™!

a Radial acceleration rads™2

Wy, Wy Frequency Hz

v Velocity ms!

a Acceleration ms?

m Mass kg

F Force N

U,K,T,W Energy/Work J JFds= [Fvdt
P Momentum kgms™! mv

Ig,1, Mass moment of inertia kgm? fM r2dm
M, T Moment/Torque Nm F:i

k Spring constant Nm! £

A O

o e Az Aoz Example R4
Distinct C >1 Ae™ + Be™2 The 40 kg piston is supported by a spring of modulus
Equal C =1 (A —+ B;E)efkz k = 35.6kNm™'. A dashpot of damping coefficient
_ b = 1180Nsm™! acts in parallel with the spring. A
Complex C <1l e™™® (A COS(ﬂ.fC) + fluctuating pressure P = 4.3sin 30¢ [ Pa] acts on the
B Sln(ﬁﬁ)) ~r=a+ ﬁl piston, whose top surface area is 0.05 m2. Determine -

the steady-state displacement as a function of time and
the maximum force transmitted to the base.

Small angle approximation, sin  ~ tan§ ~ 6

Deriv 1, dot. Integral ], remove.

a X (b X C) = (a . C) Xxb— (a . b) X C 1. Use equation of motion, & + 2(w, & + w2z = %sin(wot)
0 g 2. Usew, = \/% recognise that system is underdamped as ¢ < 1
. . S —si ,m Ik
Rotation matrix: Ry(0) = [°7 ~°%7), 5 Solvefor X' with
sinf cos @
1 o 2
rotatmg (0) by 30 > 1 V3 X (0) - 1 4. Solve for ¢’ with tan™! M“’g
2 2 2

Yy 5. Use X, equation with vals, X, = X" sin(wgt — ¢")

6. Then the force transmitted is the sum of spring & dampener, - F, =
kX, +bX,.So0 find F, .,
!
a MUGS Q1.2 b vucsh
—> T A helicopter starts from rest at a point A ¢ g
a and travels along the straight line path with pa
—b+vVb2—4ac a constant acceleration a. At this instant the T
2a angle of inclination of the tracking device is 6
Conventions: (5 +u¢e; T’ — 4rve anfi the distance fr'om o t? A is d. Neglect the
height of the tracking device off the ground.
DeerathCS, If the speed is v when the altitude of the
helicopter is h, for the tracking device at O,
d t t ’ t t 4 t ’ t determine 7 and 9 and # and 6.
dt [f( )g( )] f ( )g( ) f( )g ( ) 1. Use the geometry to solve for r, the distance from the sensor to
PR I (0g(0)-F(0)g' (1) helicopter,  — s
dt [ g(t) lg(t)]? 2. Solve for the velocity in z,y, v = £|"“ ‘]

. S (rcos0—d
. Convert to polar 7,6 coordinates, using 7 = © - é,, so 2 [‘"‘”’ ‘)) .

w

d s
dt [f(g(t))] f/ (g(t)) X g/ (t) [::Z . Similarly solve for # coordinate with % - é;, and &, = [;S:‘:
4. This gives v - &, = # = ¥(r — d cos 0), and § = v4siné

s s

L. For the acceleration, use v dv = a ds, then integrate to a = %

Process II. Need to write in polar, a = (r — Téz)ér + (70 + QiQ)é
1. Draw FBD!! EF III. Use dot products to solve for a,., ay witha = %[“’“;l""i]‘g
2. Look if fits into energy equations 2024 Q3

The rod of the fixed hydraulic cylinder is

3. Generalised equatlon moving horizontally to the left with a constant [

1. The cord acts on ..

speed v, = 35mms™

a slider B which is constrained to move IO
Examples only vertically. The total length of the cord

connecting B and C' through the pulley A is 5
Example R7 1050 mm, and the effects of the radius of the |

small pulley A may be neglected. What is the
velocity of slider B at the instant when s, =
300 mm?

1. Use geometric pulley constraints, L 4o + L 45 = 1050

A 15 kg plate is free to rotate about the y
-axis owing to the bearing supports at A and
B. When the plate is balanced in the vertical |
plane, a 3g bullet is fired into the plate, >
becoming embedded within it, with a velocity

2. Find L 4 g with geometry

2000ms~! as shown. Compute the angular 3. Using the length equation L =L,o+ Lyp=4/s% + 2502+
V4 + (yp — 250)°

velocity of the plate at the instant it has rotated differentiate to 0= —Sata
+2502
180°. sariat(up—250)i Veh 250
1. Use the conservation of angular momentum, Y H,p, = > H,p,, Vsh+(yp—250)°
socanuse Hyp; =1 X mv, ;. UGS Q3.3 S

2. Then equate H 45 , with its I, ,w, + ... components where the only

direction of rotation is in w,, so w, = w, = 0. Use I, = Smi? + A _‘fe;ltrlfutge., W;th mom;lnt ](()f nfmrna abOu]:.lt; cenftral : ‘
Tndz, paral]e] axis theorem, to SOIVC, axis 1, contains 4 square blocks oI mass 1 which are Iree nl
I NEN I

3. Use energy formula Ty + V3 = 3. Uy 5 + T + V3, where Ty & Ty = to slide along radially poimingpaths». Sp.rings support the ¢
1 2 _ blocks and stop them from slamming into the walls of It
31y,wy, 3 and V; & V3 = mgh to solve for w,, 5. .
i o the device.

A moment of M is applied to the device for one rotation
of the device. The centrifuge therefore begins to spin,
causing the springs to compress. The moment of inertia
of a square object about its centre is I, = %mW’.

Example R3
The 10kg rectangular plate shown is

suspended at its centre from a rod having [ ¥

a torsional stiffness k = 1.5Nmrad~’
Determine the natural period of vibration of ' | R
the plate when it is given a small angular & 1. Use energy equation, T, + V; + YUy, = T + V; where S U, _, =
displacement @ in the plane of the plate. 02m J-fz Fds+ [’ Mdo
5 o0

N

. Solve for Ty, V\;ith %Iuwz from the centrifuge structure and 4 x %Isz
for the weights.

. Then use V} is the spring force 4 x %kz2

. Solve for w using centripetal force which balances the spring force
F=kr= m:i = kx = mw?r, and sub w into energy eqn.

1. Equation of motion: ) M, = Iyae = —kf = I 6,0+ 1%9 =0
2. Use general from, 6+ w20 =0,s0w, = T
3. Calculate I, with the rod about centrein 20 so Iy = £ M (1> + h?)

N

Rod about

Solid cylinder or Hoop about Solid center
disc, symmetry axis symmetry axis sphere

! 2 ) 2 . 1 3
I =—MR" I = MR~ I==MR" [I=—ML

2 5 12

2
1= mr? 9

2 ! 2 z 2 T
# +%:’VI.L' I =—MR* I:;MR‘ f:*;.M[,’

Solid cylinder, Hoop about Thin spherical Rod about
central diameter diameter shell end

Figure 1: Mass moment of inertia
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